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'he plottCing of ovscrvations on probab.lity paper.



The Mathematical Centre at Amsterdam, founded the 11th
of February 1946, is a non-profit institution aming at
the promotion of pure mathematics and its applications,
and 1s sponsored by the Netherlands Government.through
the Netherlands Organization for Pure Research (Z2.W.0.)
and the Central National Council for Applied Scientific

Research in the Netherlands (T.N.0.),by the Municipality
of Amsterdam .and by several industries,



I'he cumulative-normal-distribution curve can be represented
by a straight line by wmcans of plotting on normal probability
paper  In general, pronability paper can be designed on which
continuous distributioniunctionsof the type Frextg) ./ belng
a known distributionfunction, appear as a straight line. This
kKina of paper can be uscd for secveral purposes;, for instance
1) To get an indication whether the sample arises from a pro-
babilyity distribution of the type in question, or
2) To get a quick estimatc of the parameters a and g
on a gliven random sample Xx,,...

, based
, X
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In both cases the obscrvations x;,,.
provbability paper.

.., X, are plotted on

The points are plotted according to increasing
slze along the horizontal axis and an estimate of £ is used for

the corresponding ordinate. This can be done in several ways,

some exlsting methods arc described in this paper and compared
wilth a new method, havinge the property that with a very good

approximation the medians of the =,
Llinc.

are situated on a straight
T'his method 1is espccially useful for the first purpose,

¢.Z. To find out whether the sample orlginates from a distri-

¢.g€. @ normal, probabilitydistribution.
A paper about the second purpose mentioned above has been pub-

lished some time ago by CHERNOFF AND LIERERMANN (1}

bution with a specificd,

9

1. Some currcent methods.
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The observations L., X% are supposed to be arranged ac-

cording to increasing s.zc
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no c¢qual values occurring among the x; ., The probability of

Cles 1s equal to O for continuous distributions and only these

arc consrdered. A remark on the treatment of ties, due to grou-
ping, is given in section 4.

ik

ne various estimates for /F7x) in current use will be de -~
notcecd by }@/}/j/g({getcbg they depend only upon the serial nuim -
ber ¢ of the observation in dquestion. The points plotted on the
probability paper are thon /Ag)ﬁNQ/,~.~) L@7%yﬂ#/‘

w ol mmwhmi:ﬁhﬂ*iﬁumm“mmm

1) Report SP 30A of the statistical Department of the Mathems-

tical Centre, Amsterdam. Head: FROF.DR.D. VAN DANTZIG.



First we consider the function

(2) p(e)= i

Though tThis estimate is used very often, 1t has the disad-
vantage that in the cau. of normal probability paper for ¢=72
tine ordinate fﬁ/n/;/ cannot be plotted 1f the distribution under
investigation has infinitec range The pointe /ﬁh)?”%/ will tThen
li1e at 1niinity.

The same objection holdas for =/ for The ordinate

(3)

This difficulty can ¢.g be avolded by using one of the following
functions:

(1) p ()= (- #) /7
or
(5) }ﬂq /z/ vz (Z/ﬁ'?.—f//

The choilice between cthe different ordinate-functions depends
necessarily on thelir Hroperties, which will therefore be 1inves-
tigated further. It may be remarked in advance that all methods
considcred in this pavner are asymptotically, for /ilsee, equiva-
lent That this 1s truc ior ¥ follows at once from tThelr
definitions (2),..,(5).

2. The position of The polint X, Y1)
X, the <(th order statistic in Tthe sample, being a random

PR A

variable The same holds ior every function of x, , in particu-

lar for /flax+,2, Thc graph Y = F/u. x+3/), whlich 1s a straight line

on the probability paver for F, represents the point ﬁxLVW@XHﬁW

for every valuc of x. . The random variable [ X ,/:/ct:__)_g;-»‘-/:’y Cherefore
3) The line itself

1s, of coursc, unknown, & and £ being unknown parameters.

has a probability distribution on this line.

‘2)}The random charactcr of a varlable 1s denoted by underlining
{ts symbol. The samc¢ symbol, not underlined, can then be used for
valucs which may be assumed by this random variable.

53 This probability*dxatributionfé not thoe rectangular distri-
bution, x. being the (th ordé%ﬂsﬁé%iSticg'bhd’distfibution is

Mt

thus diffecrent for different values of ¢




The random variable
(6) You Flasion)  (imn 07

")

has a probability distrivbutlion with mean

(7) é&“z = st +r)

anc mode

(8) _/gc)(’/% - /4'--/Mf2w!}.

N 3 h ,
Furthermore The median }/ of v is approximately equal to:
d L

sy,

©) - Med 2 (c-05)/tn+c4).

ol

This median as well as its approximate value are situated

5)

between the mode and tvihe mean, Now consider values of ¢>7 (n+)
(For valucs of <z (7+// analogous results follow from analo-

cous arguments) The following ineguality holds for P> 2 n+1)

(10) Gp/ </&d/1{ 4/%0{{%

and this implies that the value of b% corresponding tTO x%(cf,(6))

is more often situated ehove than below its mean &y , while the
reverse 1is true for thoe mode. As the point.@gugjis“élways situ-
ated on the unknown Lline }mm,ﬁﬁmzfﬁyj The point /}5) 4 ﬂ%h%/
will more often e situated below the line than above, and the
polint /ﬁg,ﬁkwv?ﬁmg/ morc often ebove than below tThe line
Consequently the use ol ?%(Cf“ '5) ) which (cf. (7) ) is equal
to étﬁﬁ has the disadvantage that for > #/»+7/ the points
plotted on probebility paper arec mostly situated below the line
representing the unknown prorability distribution and vice versa
in the case of <5 /e+//.

e akvamm  Newell W  apae wtanl ol swws e el Saaglk  deal U

1} Proofs and referenccs are glven 1in an appendix.

5) It is casy to see from (7),(8) and (9) that thls 1is true for
the approximate value. The proof for the median itself will not
be given in this paper. It follows readlly from C.G. LEKKERKER-
KER [ 4]
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to grouping or roun
ding off, 1t secm8 Dost To use the mochod of average ranks,

1 ¢ Tto ascign the avirage of the ranks ol a tle to all of 1its
numbers

4) There arc still othcer methods besides those described here.

sSuggests one for a wmu@iﬁi type of proba-
own design for extreme values (the double
tion) which for (= / nearly coinci with
{2/ with that of with lineair in-

ordinates of the oth oints. The method

the use of
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Table I shows, that for small valucs of .~ and for ¢ - ¢ the

value &=-021s & goot c¢nough approximation of the true value of
& ; which is 1itsclf not constant. Onemight, of course, use the

cxact valucs of 4o and substitute thesc in (17), plotting ths
pointscﬁnnm%f/j cut this 1s a rather cumbersomec method. On the
oCther hand small changes 1n g do not have much influence on %ﬁ;
in (17) 2f ¢ and A& arc not very small. This seems sufficient
reason to use the velul @.o0,2 for every < and 4 , thus leading
to & (et (11) ). '

This argument may bce supported by an additional investigation

ol the asymptotic bchaviour of a for #wee (Consider the limit

formﬁawof the left hand mtmber of (19):

«!m (k)((d_.m)//n%/._ﬁaj/ / {c' &)/(H%MZ&))
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Equalizing this 1limit to %, the problem 1s to find Poisson dis-
Cributions with mcan <¢-a and median <

A table of Poisson distributions (¢ g. E.C. MOLINA [ 5] )
gives for every £ the corresponding value o' @ . The results are

Ziven in Tabvle IT.

Table I1
Values of a for different ¢ 's, L-seoo,

1| 0,307

| ~ 0,321 E
5 | 0,329 |
o | o390
™ | 0,332 |
OO0 | 0,333 ¥

The exact value of ¢ for ¢=/ is obtained from
Z.
m(lt.ﬁa t b “{/./ma-._) H'£’7 ;
%:@ jz -a) /K,/-—-} ¢ - & <
| s 6
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should thus be approzimately equal to .
The rosults, g.vin in Table III, arc

valuce ol ¢ chosen
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